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In this article, four classes of cellular automata are constructed. Each
was constructed with the intent of having a relatively simple rule (i.e with
as few states as possible, recognizing only one state as excited) that has the
same (discretized) behaviour as the solutions of some partial differential equa-
tions. In each of these solutions, pulses are repeatedly generated by a (poten-
tially) moving or reflecting source. The automata have each been constructed
such that the pulses propagate exactly as for the one-dimensional Greenberg-
Hastings Automaton? (with one excited and one refractory state). The four
patterns observed by these solutions are the one-dimensional target pattern,
the one-dimensional spiral, pulse-replication pattern and pulse splitting pat-
tern.

Acknowledgment

This study has been conducted within a research experiences for undergraduates (FE
Projekt) in the Department of Mathematics at the University of Bremen under the
supervision of J. Rademacher and D. Ulbrich in 2020/21.

1 Introduction

The occurrence of self-similar and self-replicating patterns, which are quite common
within the context of cellular automata, are of course not unique to them. These pat-
terns have (among other fields) also been observed within the field of partial differential
equations. For example, the formation of the Sierpinski gasket, a pattern which can
be produced by the simple XOR automaton, has been shown!?! to appear in numerical
simulations of several reaction-diffusion systems, when suitable parameters are chosen.
However, it is also possible to investigate in the opposite direction. Partial differential
equations can exhibit many self-replicating patterns, with this article focusing on those
which produce a steady stream of pulses. Of these, four kinds will be examined.



In a pulse replication pattern, pulses are periodically generated from an invisible de-
fect line, moving in the same spatial direction as the defect line itself. For the splitting
pattern, the same is observed except that two pulses are generated every period, each
moving in the opposite direction from the other. The one-dimensional target pattern is
a special case of splitting, where the defect line does not move in space. Finally, the
one-dimensional spiral is a variant of the one-dimensional target pattern, where only one
pulse is generated every period, but the direction in which the new pulse propagates
switches each time. The question arises whether a cellular automaton exists that can
discretize these dynamics. The answer is of course yes, though it requires the use of
automata with more than two states. Within the above phenomena, pulses (excitations)
can be produced even if no excitation has happened in the vicinity, whether spatially or
temporally, and yet excited states are not produced everywhere purely from rest states.
This requires the use of ’intermediate’ states which code certain states that the system
is in.

This paper first introduces the Greenberg-Hastings automaton, whose behaviour for
pulses all the other automata are based on. Then four automata are introduced which
exhibit the behaviour of solutions of partial differential equations. Proofs of the correct-
ness of the automata, due to their technical nature, have been moved to the appendix.
Further, whether and how they annihilate is discussed. Finally, a lower bound on the
topological entropy of these automata is given.

2 The Automata

Since these automata should be incapable of distinguishing between which of any cell’s
neighbours is the left or right, it will be useful for their definitions to have a shorthand
for ’also include the reflected version of this neighborhood configuration’:

c: P23 — P(Z3)

A Au{(z,y,7) € Z3| (x,y,2) € A}



2.1 Greenberg-Hastings
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Figure 1: Evolution from a single excited cell with peridoic boundary condition

The one-dimensional Greenberg-Hastings automaton (GH) with one refractory state
is the following:
G :{0,1,2}* - {0,1,2}*

1, (an_l,anaan-‘rl) 66({(1,0,0)})
(an)nEZ g 2, ap,=1
0, otherwise

The idea behind this automaton is the following;:
The excited state (1) excites its two neighbouring cells in the next time step, provided
those cells are at rest (0). This way, excitation propagates. However, rather than an
excited state immediately transitioning into the rest state, it first enters the so-called
refractory state (2), whose only purpose, essentially, is to be ’inert’. It can’t be excited,
as it always transitions into the rest state. The most notable consequence of this is that
the pattern of 0 1 2 self-replicates towards the left. This can be seen in Figure 1. At
first, the system starts of with one excited cell (black) with the rest at rest (white). This
allows the excited cell to propagate in both directions, left and right, in the next time
step. However, at this point the cells in the middle are 0 1 2 1 0 (2 being grey). The
refractory state blocks the excitation of its cell in the next step, meaning both excited
cells can only excite one cell, specifically in the direction away from the middle. This
repeats endlessly, the two created pulses moving away from each other, creating the two
diagonals in the space-time grid. Generating these pulses, or waves, is the phenomenon
that all the following automata were constructed for, with the intent that the pulses
themselves behave just like they do for GH.

neZ



2.2 Pulse Replication

Time

Position
Figure 2: Pulse Replication initialised with a single defect line

The pulse replication pattern has been observed for the oregnotator process(®l. In pulse

replication, pulses are continuosly created in a single direction along a defect line, which
moves in the same direction.
When viewing this through the lens of the space-time grid, the defect line is an invisible
trajectory along which pulses are continuously created, such that they all move in the
same spatial direction as the defect line itself, although at a greater speed; the slope of
the defect line (in space-time) is steeper.

2.2.1 The Construction

To encode this kind of behaviour into a cellular automaton, states beside 0,1,2 are re-
quired to form the defect line.

Given a height and width of a line segment between the two closest pulses, (h,w) € N2>0
such that u := h —w + 1 > 4,h > 4, such a cellular automaton exists:

Let Fjy: {0, ,h+1}2 > {0,--- ,h + 1}7Z

(an)neZ =

1, (ap—1,an,an+1) € c({1,h + 1} x {0} x {0,2})

2, ap=1v (ap—1,an,an+1) € c({(0,3,h +1),(0,h +1,3)})

3, (an—1,an,ant1) €c({(2,2,1)} w {0} x {3} x {2, ,u} w {3} x{u+1,---,h} x {0})
14, (ap—1,an,an+1) € c({(3,2,1)})

an+1 4<a,<u

maz{an—1,an} + 1, (an—1,an,an+1) € c({0,2} x {0} x {u+1,--- h})

0, otherwise

neZ



Then, given the initial state: 2,2, 1 (with positions 0,1,2), excited states will be generated
along the vector (h,m), which in turn generate excited states diagonally in the spatial
direction of the vector (h,m).

The states from 4 to u + 1 are the states which are the purely vertical component of the
vector, which simply count up, and remain in the same cell. The states from u + 2 to
h + 1 are the diagonal component and increment to either the left or right (depending
on the initial conditions). The state 3 is responsible for a variety of tasks. It is necessary
to generate the first of the states that climb vertically, 4, as well as to generate a shifted
copy of the initial state, and finally and most crucially, the 3 state encodes the direction
of the vector. It does this by replicating itself each step along the vertical component
and the diagonal component on the side opposite to the (spatial) direction of the vector,
blocking movement into its direction.

2.2.2 Annihilation
1, In|=j
Given j € Ny an initial state 2, Inle{j+1,7+2} , iterating F}, ,,, on it will

0, otherwise
nez

eventually yield the zero function.
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Figure 3: Two inward-facing initial states annihilating

2.2.3 Correctness

It turns out (is proven in the appendix) that a cell at position n € N at time m € N (that
is, after m iterations of Fj,,,) is excited if and only if 3k € N : wave(n, m, k)



Time

Figure 4: Splitting with one initial state (h = 5,w = 1)

With wave(n,m,k)=m—k-h=n—-2—-k-w>=0

The k is the number of times the pattern has fully self-replicated before the pattern that
created the wave that this excited state is on. Put another way, the excited state is a
part of the k + 1th wave.

From this, we can easily see that wave(n,m,k) — wave(n + 1, m + 1, k), that is, each
wave moves as for GH.

Additionally, it can also easily be seen that wave(n,m, k) — wave(n + w,m + h,k + 1)
Notably, if we apply this to the first excited state of a new wave, then we can see that
a new wave is generated after h more time passes at a position w more cells away, as
required of the automaton.

2.3 Pulse Splitting

Splitting is the same as pulse replication, except that pulses are created in both spatial
directions. It can be observed in the Gray Scott modell.

2.3.1 The Construction

As for pulse replication, let the vector (h,w) € N2>0 describe the line segment between
two closest pulses. Under the conditions that h = 5, h — w > 3, the automaton exists:

Ppow {0, R +3}2 {0, h+3}F
1, apn=h+3van=3v (an_1,an,an+1)€ c({(1,0,0),(1,0,2),(0,0,h +3 —1)})
2, an =1A(ap_1,an,an41) ¢ c({(3,1,2)})
5, (ap—1,an,any1) = (1,2,1)

(an)mez — anp+1, (b<ap<j)vap=h+3-1
nJ)ne.

maz{an_1,an} +1, (@n—1,an,an41) € c({0}? x {h—w+4,-- ,h+3—2})
3, (anflxan:(ln) EC({(h+33430)})
4, (an—1,an,an41) € c({(3,1,2)} wNo x {4} x {5, -+ ,h —w+3,h +2} w {4} x {h —w +4,--- ,h + 1} x {0})

therwis
0, otherwise ez



Given an initial state of 4, h + 3,1, the automaton has the desired behaviour.

The above rule works similarly to Pulse Replication in terms of how the generation of
new diagonal lines along a vector is realised by a vertical and a diagonal component. In
this case, 4 is the state with the same function as 3 for Pulse Replication. There are two
main differences. Firstly, the excited states along the vector are allowed to branch in
both directions. Secondly, the state 3 is used to replace a 2 on the opposite side of the
direction of the vector with a 4, which in turn encodes the direction of the vector. With-
out overwriting a 2 (or technically a 1, although this would break the desired pattern),
asymmetry could not be introduced to the middle of the pattern.

2.3.2 Correctness

A formal proof of its correctness has been omitted but would essentially involve making
similar arguments to those for the proof of correctness of pulse replication.

2.3.3 Annihilation

I, Inf=h—w+4
h+3, Inl=h—w+4+1
4, |n|=h-—w+4+2

0, otherwise

Given an initial state (an)nez , the sequence (Pfl w((an)nez))ien

neZ
converges pointwise against the zero function (that is, each point permanently becomes

0 in finite time).
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Figure 5: Two inward-facing initial states annihilating
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Figure 6: 1D Target Pattern

2.4 1D Target Pattern

The one-dimensional target pattern is the simplest of all of these patterns. A fixed point
in space periodically produces pulses in both directions, creating a tower of V’s in the
space time grid. It is essentially the splitting pattern with a vertical defect line. It can
be observed in some solutions to the Belousov-Zhabotinskii reaction!®!.

2.4.1 The Construction

Let h € Noo be the period.

Let T}, : {0,--- ,h}? — {0,--- , h}Z

1, ap=hv(ap-1,an,an+1) € c({(1,0,0),(1,0,2)})
2, a,=1

(an)nez — 3, (an—1,an,ans1) =(1,2,1)

an+1 3<a,<h

0, otherwise el
This rule is fairly straightforward. It generates the starting point of a V-shape every h
cells.

2.4.2 Correctness

The correctness can be readily read off of the construction by noting that only an excited
cell that generates pulses (that is, the only one where it and its neighbours are followed
by 1 2 1) creates the remaining states 3,--- , h which count up to return to excitation.
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Figure 7: Two one-dimensional target patterns next to each other

2.4.3 Annihilation

Since the defect lines do not move, they do not annihilate. Instead, the pulses they send
in each other’s direction annihilate, with the pulses sent out in the opposite directions
unaffected.

1D Spiral
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Figure 8: 1D Spiral

The one-dimensional spiral is a variant of the one-dimensional target pattern. The



defect line is still vertical, however, new pulses are not created in pairs. A pulse is only
generated in one direction each period, with the direction switching each time. It can
also be observed in some solutions to the Belousov-Zhabotinskii reaction!®].

2.4.4 The Construction

Let ¢t € Noy be the number of cells between the excited cells that alternate between
spawning a diagonal line to either the left or the right. Then the automaton exists:
Let S;: {0, - ,4+t}2 > {0,--- , 4+ t}7

1, an=4+tv (ap-1,an,an+1) € ¢({1,0,0),(1,4,0),(2,0,1)})
2, (an—1,an,an+1) € c({(3,1,0),(2,1,0)})
3, (an—1,an,an+1) € c({(5,1,0)} w {6,--- ,00} x {3} x Np)
(an)nez — 4, (an—1,an,an+1) € c¢({(1,3,0),(1,3,1),(1,3,2)} w {5,--- ,00} x {4} x Np)
5, (an—1,an,an41) € c({(4,1,3)})

ap+1, 5<a, <4+t

0, otherwise
This exhibits the desired behaviour given the initial state:

3, n=-1
1, n=

4, n=1

0, otherwise

nez
The above rule alternates between generating diagonal lines from the left or from the

right with a period of ¢ cells in between. The central idea is that the column of the
points at positions —1,0,1 is 2t + 2-periodic, while outside of it, the states evolve like
in Greenberg-Hastings. The periodic behaviour of the column is as follows: (3,1,4) —
(4,5,1) - (4,6,3) —> --- — (4,4 + t,3) — (4,1, 3). Then, the reflected version happens.
It should be noted that in the case t = 1, that the 4,6,3) — --- — (4,4 + t,3) part is
skipped.

The 3 and 4 states together encode direction/asymmetry by swapping their positions
every t + 1 cells, with 4 generating excited states on the positions —1,1 when a 1 is
neighboring it, and 3 blocking unwanted excited states from being generated. The states
5,--+,4 + t are responsible for the length of the column.

2.4.5 Annihilation

The rule, assuming the central columns are far enough apart, does not allow for multiple
columns to annihilate.

10
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Figure 9: Two inward-facing initial states, with 9 cells inbetween
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Figure 10: Two right-facing initial states, with 9 cells inbetween

2.4.6 Correctness

The grid (') (n,m)ezxN, > defined by
1, (m—|n])=0( mod 2t +2) A m =n = 0 (right-moving wavetrains as for GH)
et =31, (m—|n|)=t+1( mod2t+2)At+1—m <n <0 (left-moving wavetrains as for GH)

0, otherwise
encodes which cells at position n after m iterations of S; (with the starting conditions
described in the construction) are excited (a value of 1) or not (a value of 0). This notably
collapses the 3+t helper states into the rest state, and is distinct from the grid generated

11
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Figure 11: Two right-facing initial states, with 1 cell inbetween

by iterating S;. It is, however, useful for understanding (and proving) the behaviour of
the excited states. For a proof of the ¢, ,,’s correctness, see the appendix.

It can be easily seen from cp,, that the middle cell (that is, the cell at position 0)
is excited exactly every t+41 cells, and thus has a gap of ¢t non-excited cells inbetween, as
required.

Additionally, for n € Nog,m € N ¢y = 1 — cpqimy1r = land cpyp = 1 —
C_(n+1),m+1 = 1, which is the desired behaviour of the wavetrains. Lastly, if the middle
cell is excited, in the next time step, either the left or the right neighbouring cell will be
excited, switching sides from the last time.

Topological Entropy

The above automata, since they have more states than the three of GH, and many more
transition rules, are more complex. This statement can be be made more rigorous by
saying that their topological entropy is bounded from below by the topological entropy
of GH:

Let Z := {(an)nez| Ip € Zu {—0,0} : Vk e Z : (k =2 p — (ap = 0 — ag41 €
{0,1Hh) A(ag =1 > apr1=2)A(ag =2 > apt1 =0) A(k<p—(ap =0=ap_ €
{0, 1}) A (ak =1- A1 = 2) A (ak =2 Q1 = O))}

This set contains exactly those states which either consist only of the right-moving waves
0,1,2, only the left-moving waves 2,1,0, or both, in which case there exists a cell (at
position p in the above definition) such that all cells to the left include only right-moving
waves and all to the right only left-moving ones. That is, waves that move in opposite
directions must move towards each other, and there is a clear middle that separates them.
That this set is invariant under Greenberg-Hastings, and that the restriction of any of

12
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Figure 12: Example of configurations in Z

the rules below to Z is equal to the restriction of the Greenberg-Hastings rule to Z, can
be easily checked.

It turns out!?!, that all of the entropy of GH lies on the set Z. The other automata
have the same behaviour on Z, but can also have dynamics outside of it, and thus their
topological entropy is bounded from below by the topological entropy of GH.
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Appendix
Introducing Notation
B
In the following proofs, an expression of the form A = { C  is meant to state that
D

B,C, D follow from A. If the implication arrow is inside the braces, the same is meant.
As the following proofs will often require the collection of many intermediate statements,
a way to capture this non-linear or branching behaviour was required.

. e C . .
The convention of writing A = B in order to compactly write that B follows from
A for reason C, will, in the following, be generalised to relations on non-logical objects,

such that, for example, if a € A for reason ¢, then it will be written as a £ A. As the
proofs will be of a rather long and technical nature, it is of great value to have compact
notation to reduce the page space they take up.

The shorthand Def will be cited as a reason whenever the statement follows immediately
from the definition of the explicit solution.

The proofs below are both proofs by induction over the time, m to prove that the ex-
plicit solution ((a))nez) given for time m is equal to the m-th iteration of the automaton
((bI")nez). Due to the many conditionals in the rules of the automata, the proofs are
split into many cases. Within each of these cases, several statements must be proven
(that is, a™*! = b+ for each n € Z), and each of these statements requires knowledge
of the values of a;' |, a;', a;’, |, and thus a large portion of the proof is preoccupied with
the collection of various intermediate statements in order to identify values at time m to
identify values at time m+1. When a part of the equality a™*! = b™*! has been proven,
it is boxed. The following proofs will not explicitly acknowledge that a case is finished
because all relevant statements have been proven. Instead, the proof moves to the next
case and the reader can readily check the boxed statements within the case to confirm
that everything has been proven. Thus, the induction step of the proof can be compared
to a computer program which utilises a divide-and-conquer approach to collect data (the
intermediate statements) as it divides the problem into more specialised cases, until the

data can be processed (the desired result has been derived from them).
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Proof for pulse-replication

In the following, n is the position of a cell, m is time (how many times the automaton
has been iterated) and k is how often the pattern has completely self-replicated already.
wave(n,m,k):=(m—k-h=n—2—k-w >0)
This codes the waves of excited states.
vert(n,m):=(3keNg: 2+k-w=nA0<m—k-h<h—uw))
This encodes the helper states climbing vertically.
diag(n,m):= (FkeNy:h—w<m—k-h<h—1A((m—k-h)—(n—k-w)=h—w-—1)
This encodes the helper states climbing diagonally.
(1, 3k e Ny : wave(n, m, k)

2, 3JkeNy:wave(n +1,m,k) v (wave(n +2,m, ) A0=m mod h)
(@ )neng = % 3, vert(n + 1,m) v diag(n + 1,m)
(m mod h) +2, (vert(n,m) v diag(n,m)) A1+ m mod h

0, otherwise
2, n=0
2, n=1
(0 Inen = F, ( )
’ 1, n=2
0, otherwise

nez

It can be easily seen that the above is a well-defined function. Omne can also easily
check that the choice of m uniquely determines what n satisifies vert(n,m), if it exists.
The same is true of diag.

Before proving the result of the automaton’s correctness, proving a few Lemmas is nec-
essary:

Lemma 1: Vn,m,k € Ny : vert(n + 1,m, k) v diag(n + 1,m, k) = VK € NgVN <n +1:
—wave(N, m, K)

(That is, there are no waves left to the trace).

Proof:

Let n,m € Ny.

That —wave(n + 1, m, k) follows immediately from vert(n + 1,m, k) v diag(n + 1, m, k)
(the equality from wave is contradicted by the strict inequality in vert or diag’s condition
that h —w — 1 =2, when h —w — 1 > 4 by definition)

It remains to be shown for N < n:

For this, we first need to collect two statements, (x) and (x*):

Case 1: vert(n,m) :

=dkeNy:1+k-w=nAO0<m-—-k-h<h—w

=k-h<m

=k-h—n<m-n

nzgk'wk-(h—w)—l <m-—n

=k-(h—w)y<m-n (*)

m—k-h<h—w

=m-—-k-h—h<—-w

15



w>0

= m—(k+1)-h<0 (xx)

Case 2: diag(n + 1,m) :
=3JkeNy:h—w<m-k-h<h—1a(m—-k-h)—(n+1—-k-w)=h—w-1
=m-n+(-k-h——k-w)—1l=h—w-1

=m-n=(k+1) - (h—w)

h—w>0

= k-(h—w)<m-n (%)

m—k-h<h-—1

=m-—-k-h—h<-1

=m-—(k+1)-h<0 (xx)

Assume IN < n,3K € Ny such that wave(N, m, K) :

K-(h—w)>K-(h—w)—2
=>=K>k=K>k+1

K>k+1 (%)
wave(m, N, K)=0<m—-K-h < m—(k+1)-h < 0 This is a contradiction, and
thus wave(N, m, K) is not satisfied.

*)

wave(N,m,K N<n
Emk) N > m-nz=k-(h—w)

Lemma 2: Vm,n,k € N: wave(n,m,k) = (Vje {l,,h—w—1}VK e Ny : —wave(n +
j,m, K)) (That is, there is a gap of at least h —w — 1 non-excited cells between any two
excited cells)

Proof:

Let n,m, k € N such that wave(n,m, k) :

=m-—-k-h=n—-2—-Fk -w

Assume IK e Ng:3je{l,--- ,h—w—1} wave(n+ j,m,K):
m—K-h=n+j-2-K-w

=n+j—2+Kh—-—w)=m=n—2+k(h—w)

= j = (k—K)(h—w)

P < (k- K) <1

=k—K=0

= j = 0(h —w) = 0 = Contradiction to j € {1,--- ;h —w — 1}

Lemma 3: Let m € No, K := 7 € Ng. Then Vn,k € Ny : (wave(n,m, k) — n >
K- -w+2 Ak < K) (this Lemma is used when the pattern starts replicating again to
establish (roughly speaking) where (the inequality on n) and how many waves there are
(K +1 = [{0,- -, K}])
Proof:
= 0O<m—-k-h=n—-2—-%k -w
Assumen < K -w + 2:
=0<m—-k-h=n-2-kw<K w+2-2-k-w
=0<m—-k-h<(K—-k) w
=0< (K -kw
=0<K-k=k<K
k<K,h—w>0

=n=m-—k-(h—w)+2 > m—K-(h—w)+2=m-m+K-w+2=K w+?2
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Thusn> K- -w+2:
(K —k)h = Kh—kh kZ

h>w

K—-k=20=k<

- wave(n,m,k)

m—kh = n—2—kw>Kw+2-2—kw=(K—k)w

Lemma 4: Let m, N € Ny : (a)")neng = (O )neng AN > w - |7 +2 A Vn = N :
a™ e {0,1,2}.

Then Vn > N : al"f' = a™ = b7 (This lemma will be used in the induction step to
prove equality to the right of the (right-moving) defect line)

Proof:

Let n > N.

Let ko € Ny such that wave(n, m, ko) :

ko<| ] =N Assumption
—n-2-k-w > n-2—uw- [’;Zjn> N—-2—-w-|%] et
= (FkeNy:m—k-h=n—-2—Fk- -w)< 3k e Ny : wave(n,m, k)) (%), that is, the

inequality condition of wave can be dropped in this case.
Let j € {0,1}:
(3k € No : wave(n + j,m, k))

YEkeNg:im—k-h=(n+j)—2—k w)

< @keNg:m+1—k-h=Mn+j)+1-2—k- w)

@ (3k € Ng : wave(n 4+ j + 1,m + 1,k))

That is, these cells have the same state as their right diagonal cell if either cell has state
1. (»%)
Assume 0 = m mod h A wave(n + 2, m, |}]) :

Wave(n+2m[hj) n=N
=0 m—-S-h=n+2-2-2-w > N—-w-7>0

= Contradiction.
Thus, a)' = 2 < (Fk € Ny : wave(n,m, k)) (x * *)
That (x*) is also true if 1 is substituted with 2 follows from (x x x). Since the only other

admissible state is 0, (%), substituting 1 with 0, must also still hold.
m+1

n+1l — a’
It remains to be shown: a]' = bgjll :

It follows from A —w —1 > 2 and Lemma 2 that at most one of ay', ay’, 1, a;’ 5 can be 1.
It follows from (% » ) and setting j = 1 that the same is true of 2.
From the definition of the a]"* and (% » *) it follows that every 1 has a 2 to its left, and
every 2 a 1 to its right.

o (B B) — (a0 ) € 4(0,0,0), (1,0,0), (21,0, (0,2, 1), (0,0,2)}

In each of these cases, it can be easily seen that bnmfll takes on the value to the left, a

WV

= Q

Theorem 1: a;' = b)'Vn, m € Ny
Proof by Induction over m: a;’' = b, :
m=0:
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Jk=0:0-0-h=2-2—-0-w > 0= wave(2,0)

wave(2,0) = [a) =1 = 1)

= {wave(l + 1,0) = |a? =2 =1? m=0=0+«m modh=al +3VneN
wave(0 +2,0) * 02040 — 9 — 5

YN > 2:

h > w = —wave(N,0) = a¥ ¢ {1,2}

m=0=a% % (m mod h)+2=4al =0

Induction Step:

m—m+ 1

In the following, the induction hypothesis will be used implicitly, that is, b]* and a;* will
be used interchangeably.

K :=[7'] (K encodes how often the pattern has already fully self-replicated by time m)
r:=m mod h (r encodes at what vertical position in the pattern the state currently is)
Case 1: 0 = r(=m mod h) : (The initial state, or a shifted copy)

hlm 2 vne Np : = (vert(n,m) v diag(n,m))

Def Def
= wave(K - w +2,m, K) = a.,, =2

Defay?
Lemma 3 = Yn < K-w : (}k € Ng : wave(n+2, m, k) vwave(n+1,m, k) vwave(n,m, k)) =

apt =0
= (a?,a™ 1, a™ ) € {(0,0,0,),(0,0,2),(0,2,1)} = "' =0 = a1}

n+1 n+1
=™ =yt (n < K -w)

m m m . mt+1 o Vert(Kwt+l+lm+l) 0
(OR i OR 1> VRepy2) = (2,2,1) = b0y =3 = CR.w+1
m m m . o wave(Kw+2+1,m+1,K) 19
Lemma 2 = (a1, 0% 19 O piz) = (2,1,0) = |bxwi2 = 2 = Ao

Def wave m41
Lemma 2 = (a0, 0% i3 Cpys) = (1,0,0) = |brwsz =17 =" ag 4

Lemma 4, with N := K -w 43 = |a?™ =™ (n> K- w+4)
Case 2: 0 <7 < h—w : (In this case, the helper states are part of a purely vertical
(unmoving spatially) line)
= vert(2+ K - w,m)
- {GTJrK-w =3

ager.w =r+2
Lemmal=Vn<1+ K -w:a =0
=Vn< K- -w:(a,am a™,) € {(0,0,0),(0,0,3)} = b+l =0
It can be easily seen that m + 2 — K(h — w) is the least value of a ng such that
Ik € Ny : wave(ng, m, k)
Thus, since vert has already been satisfied: Vn € {K -w + 3,--- ,m — K(h —w)} =
{K-w+3,- ,K-w+r}:a”=0(x)
Case 2.1: 7 < h — w : (In the next timestep, the defect line continues to move only
vertically/ is stationary in space)

18



= vert(2+ K -w,m + 1)

Case 2, substituting m with m +1 = |a™™ =0=0""" (n< K -w)

m m m _ m—+1 _ _m+1
(AR O 15 ORprn) = (0,3,7 +2) = | 0" =3 =al} .,

m _ m+l Case 2 m+1
A i, =T+ 2= b2+K_w—r+1+2 =" a5y Ko

Vne{K -w+3,---,m—Kh-—w)}:(a,a’ ap+1) € {(r+2,0,0),(r +2,0,2),(r +
2,2,1),(0,0,0),(0,0,2),(0,2,1)}

N bnm+1 —0 (%) substitutirﬁmwithm-&-l QZL+1 (ne {K Wt 3, m— K(h _w>})
Case 2.2: r = h — w : (The system transitions between the purely vertical component of
the defect line into the diagonal component)

r=h—w=>3=K w+3e{K -w+3,--- ,K-w+r}(:*>)a7ﬁ_w+3:0

= (0K 1) VR s 20 OKps) = (3, —w +2,0)

Case 2.2.1: w = 1 (One cell of spatial movement is already taken care of without need-
ing the diagonal line, so in this case, the diagonal line is skipped, and must be treated
separately)

Works analogously to Case 3.2 (which covers the transition from the diagonal to a shifted
copy of the intial state).

Cage 2.2.2: w>1:

m+1l o dag(K-w+2+1,m+1) 09 m m m _
= bK'w+2 =3 - AR p+2 = (aK~w’aK-w+17aK~w+2) - (0737h_w+2) =
mal a%tul+2=3ALemma 1 mal
Vw1 =0 = OR.w+1

(@ s2r Qi3 Qia) € {(h—w0+2,0,0), (h—w+2,0,2)} = [b7H o =h—w+3

diag(K-w+3,m+1) ;41

K-w+3

Lemma 4, with N := K -w 4+ 3= |07 = o™ (n> K- w+4)

Case 3: 7 > h —w : (The case where the system is in the diagonal component of the
defect line)
(m—K-h)—(m+1—(K+1)(h—w)—K-w) = (h—w)—1 = diag(m+1—(K+1)(h—w),m)

A (K+1)(h—w) = 3 . x)
i1 (K+1)(h—w) =T + 2

Lemma 1= Yn <m — (K + 1)(h —w) : a] = 0(*)

= (arT—ba?lea:Ln-i-l) € {(0,0,0),(07073>} = b:anrl = 0(**)

Assume 3k € Ng,j € {0,1} : wave(m +j +2 — (K + 1)(h —w), m, k) :

=m—-k-h=m+j+2—(K+1)(h—w)—2—-k-w=0

=0=7j—(K+1)(h—w)+k-(h—w)

= (K+1—k)(h—w)=je{0,1}

h—w>1/\(K;>1)7(h—w)eNo (K—l— 1_ k)(h _w) _0—j

=K+1—-k=0=k=K+1

=m-—k-h=0

K=|7] .
= K +1=Fk < K = Contradiction.
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= Qo (K1) (h—w) = 0

Case 3.1: r < h—1: (In this case, the next step is still part of the diagonal defect line)

= Case 3, substituting m with m + 1, holds also. (x) = Vn<m+1— (K +1)(h—w):
amtl =0

ml _ o ) pmtl (< (K 4 1) (h— w))
diag(m — (K + 1)(h — w),m) = Uy (K1) (hew) = 3 Om—(K41)(h-w)41 — 7 + 2 Vk €
No,Vj € {0,1} :

m—kh=(m—(K+1)(h—w)+j+2)—2—kh
=kh—w)+j=(K+1)(h—-w)=j=0=k=K+1=m—-kh=m—(K+1)h<0=

—wave(m — (K +1)(h—w) +2,m, k) = Uy (K1) (hew)+2 = O O (K1) (hew) 43 € {0,2}

m a™ m m+1
(@ (R4 1) () Do (K1) () 10 Do (K1) () +2) = (37 +2,0) = 00Ty

= 3 L (k1) (hmwy 110 o (K1) () 422 S (K 4 1) (hw) +3) € 17+ 2,0,0), (r +2,0,2)}

=|a

m+1
=b +(K+1)(h7w)+2 =r+2+1]
diaglm — (K + 1)(h —w) +2,m + 1)
= o™t —3am+1 =((m+1) modh)+2=r+1+2

—(K+1)(h—w)+2
bt = a ! pem — (K + 1)(h —w) + {1,2}

K+ D)(h—w)4+3 = r+ Kh—(K+1)(h—w)+3 = r+3— (h—w)+ Kw % Kw+2

bemipa & pmtdl _ gmtl > (K + 1)(h—w) + 3

(%) = (@ (k1) (h—w) =17 Yn— (K 4 1) (h—)? D (K + 1) (h—w)+1) = (0,3,7 +2)

m+1 _ _m+1
bl (K +1)(h-w) = 9= U (K4 1) (h—w)

Case 3.2: r = h—1: (In this case, the automaton transitions out of the diagonal compo-
nent of the defect line into the shifted copy of the initial state)

=K+1= mTH

(*x x) = diag has already been satisfied and since m mod h # 0, for any n ¢ {m — (K +
(h—w),m—(K+1)(h—w)+1}: (a™ + 0 < 35 € {0,1} : Ik € Ny : wave(n+j,m,k))(#)

Lemma 1 = Vn <m— (K +1)(h—w) : Vk € N: —wave(n, m, k) 2 vn < m—(K+1)(h—

w): @ = (am y,a™, a™, ) € {(0,0,0),(0,0,3)} = bl = o Lemme S substituting mwith merL, Kowith K
anm-i-l

bt =0 =a"" n<m—(K+1)(h—w)

(% * %) = (App— (K1) (h—w)—1m— (K +1) (h—w),m—(K +1)(h—w)+1) = (0,3,7 +2)

m4l wave(m—(K+1)(h—w)+2,m+1,K+1)Am+1 mod h=0

=0 +(K+1)(h w) - Am—(K+1)(h—w)
Suppose 3k € Ny, 7 € {0, 1,2} : wave(m — (K + 1)(h —w) + 2+ j,m, k) :
=m—-—kh=m—-—(K+1)(h—w)+2+j—2—kw

= (K+1)(h—w)=j7+k(h—w)
M 0= (K + 1)(h —w) = k(h —w)
=K+l=k=m—-kh=m—(K+1h=m-—(m+1) <0= Contradiction to wave’s

=

=
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requirement of m, k.

Thus, (a7, (k1 1)(h—w)> Dm—(F+1)(h—w) 41 T (K4 1) (hw)+2> Dm— (e 4 1) (h—w)43) = (357 +

m—+1 o wave(m—(K+1)(h—w)+14+1,m+1,K+1) 11
2,0) = b (K1) (h—w)+1 = 2 = G — (K+1) (h—w)+1
pm+1 4 wave(m—(K+1)(h—w)+2m+1,K+1) 11
m—(K+1)(h—w)+2 — = Uy — (K+1) (h—w)+2
m—(K+1)(h—w)+3=m-2(h—-w)+3 ="w+2=(2]+Dw+2 >

Lemma 4

[ lw+2 =" ap ™ =gt (n=m— (K +1)(h—w) +3)

n

1D Spiral

In order to talk about the periodic behaviour and other required properties of this au-
3, n=-1
1, n=0

tomaton, the space-time grid (b, ) men, defined by (b)) nen 1= S7™( 4’ L

0, otherwise

n
has been transformed into an explicit form ((a]),ez), with the state of grid cells being

dependent only on n,m:

~

3, Jke{t+3,---,2t+2}: m=k( mod2t+2)

4, Fke{l,---,t+1}: m=k( mod 2t + 2) , n=-1
1, m=(t+2)( mod 2t + 2)

{1, m=0( mod ¢+ 1) -

(m mod (t+ 1)) +4, otherwise

13, Jke{2,---,t+1}: m=k( mod 2t +2)

4, Jke{t+2,---,2t+2}: m=k( mod2t+2) , n=1

VmeNy: (a)nez := (1, m=1( mod 2t + 2)

(1, (m—n)=0( mod 2t + 2)

12, (m—n)=1( mod2t+2) , m=nz=2

0, otherwise

(1, (m+n—t—1)=0( mod 2t + 2)

2, (m+n—t—1)=1( mod2t+2) , t+l-m<n<-2
10, otherwise
|0, otherwise

This explicit form, however, because it needs to capture the entire machinery of the au-
tomaton, is rather opaque.
The grid (') (n,m)ez x> defined by

—_ =

mo.__
CTL

0, otherwise
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, (m—|n|) =0( mod 2t +2) A m =n > 0 (right-moving wavetrains as for GH)
, (m—In|)=t+1( mod 2t +2) At+1—m <n <0 (left-moving wavetrains as for GH)
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is the image under the mapping that maps all non-excited states to 0. From this, the
periodic behavior can be much more easily seen.

Proof of validity of explicit solution

The statement ¥Ym € No(a]")nez = (b )nez will now be proven.

In the following, a state where the central column is either the same as that of the initial
state or its reflected version, (that is, a state which locally looks like the start) will be
referred to as a beginning state.

The proof of the statement will be a proof by induction over the time, m. Since the
values of the explicit grid (a]') depend heavily on what values m mod (t + 1) and m
mod (2t+2) have, the proof must be split into cases during the induction step depending
on whether these moduli are 0 or not. This splitting into cases corresponds with whether
the pattern has been finished and must start again, self-replicating a reflected version
(0=m( mod (t+1))), or is still unfinished (0 % m mod (¢ + 1)).

Before proving the complete result, two lemmas need to be proven:

Lemma 1. Vm € N : (azl)nEZ = (b:Ln)HEZ - (G‘Tf_17a6n+l7a71n+1) = (be_labgn+17bT+1);

that is, the equalities hold in the middle column in the next time step

Proof. In the following, whenever one of the three equalities which are part of this
Lemma’s statement are proven, they are boxed. Thus, the progress of any given case can
be tracked by how many boxes have already appeared in it, with three boxes marking
the end of a finished case.

Case 1: 0 =m mod (¢t + 1) : (This case covers the beginning states)

Case 1.1: 0 = m mod 2t + 2 (the beginning of a non-reflected version of the initial

state):
Def
=a" =3nral=4nralT =1Aa™ =4

t>1
—m—2 mod (2t +2) = —2 mod (2t +2) =2t ¢ {0,1} = a7 =0

1= (m+1) mod (2t +2) =

= (a, a, ay) = (1,4,0) = | b =1 = o

amtt =1

aTQ € {07 172} = (aT27aTl7a6n) € {(0737 1)7 (1737 1)7 (2737 1)} = by—nrl =4= an_l
Case 1.2: m = (t +1) mod (2t + 2) (the reflected version):
D:(ifaleélAa’fq’:?)/\anl:l/\aTH =4
t=>1 of

=m+-2—-t—1) mod (2t+2)=(t+1—-t—1-2) mod (2t +2) =2t ¢ {O,l}%a’f2=0
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(a™y,a™,af) = (0,4,1) = [ 0™ =1 = o™

(afr,a™, ai) € {(1,3,0),(1,3,1),(1,3,2)} = | b7 = 4 = o !

=

(Case 1 continued):

Def
=aqay =1

"N o (m+1) mod (t+1) Bt =5

= (a%,af',a") € c({(3,1,4)}) = | bj ! =5 =ag'™

0=m mod (t+1)

Case 2: 0 £ k := m mod (¢t + 1) : (k encodes how much time has passed since the
last beginning state)

Case 2.1: 2t +1 =m mod (2t + 2) : (The next state must be a beginning state, specifi-
cally which is not a reflected version of the initial state)
2 a™t =3

=m+1 mod (t+1)=((m+1) mod (2¢t +2)) mod (t+1)=0]ie>fa6”+1=1

Def
= a’1”+1 =4

Case 2.1.1: ¢ = 1 : (In this case, the progression (4,5,1) — (4,6,3) — -+ — (4,4 +t,3)
is skipped, as 4 + ¢t = 5 and thus must be dealt with separately)

G/Tl = 1

Xlam 441 =5nraP =dnart =1

— (m—2) mod (2t+2)='3-2 mod4=1%af =2

(m+-2—t—1) mod (2t+2)'=' (3-2-1-1) mod4=—1 mod4=3¢{0,1} = q

(a—2,a™,ag") = (0,1,5) = beLl =3 = aC”IH
= (an%naaT) = (1’554) = b6n+1 =1= a6n+1

(ag,af*,ad) = (5,4,2) = bTH — 4= a71n+1

Case 2.1.2: t > 1:
204+1e{t+3,---,2t +2}

2t+1=m mod (2t +2)Ak=m mod (t+1)=k=t>1=ql'=k+4>6

Def t>1
= Yag'=4+k =6
m __
al* =4

23
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(aT27aTl7a6n) € C({(5a 170)} & {67 te 700} X {3} X NO) = bTrl =3= a?’_nii-l
=<Salt=4+t= bt =1=qaft!

(a™y,a™,aft) € c({(5,1,0)} w {5,- -+, 0} x {4} x Ng) = [b""T! =4 = o]t

Case 2.2: 2t +1 >k =m mod (2t +2) > 0 : (In between the previous cases)

Case 2.2.1: 1 = m mod (2t + 2) : (one time step after a beginning state that is not
locally a reflected version of the initial state)
D:e>fa’f1=a7f1+1=4/\a’f=1/\a71”+1=3
e (m—2) mod (2+2)—1—2 mod (2t+2) —2t+1 ¢ {0,1} 2 ap — 0
(a™y,a™, aft) € c({(5,1,0)} w {5,--- ,00} x {4} x Ng) = [0"! =4 = a™*
= 9 (a™,af", a") = (4,5,1) (Relevant for the following two subcases)

(af',af',ad') = (5,1,0) = [b"T1 =3 = ot *!

Case 2.2.1.1: t =1:
(™, af @) = (4,5,1) = | b+t =1 = aff !

Case 2.2.1.2: t>1:
(aTlvagn7a§n) = (4757 1) = bSHI =6= a6”+1

Case 2.2.2: 1 < k = m mod (2t + 2) < t + 1 (Now in between a non-reflected and
a reflected beginning state)

Case 2/0+m mod (t+1) Def
= kE=m mod 2t+2)<t+1l=t+4>t+1>af > 6

Def

:galnlza’ffl:él/\a{”:ag”“:?)

(ay, a™,ag') € e({(5,1,0)} w {5, -+, 00} x {4} x No) = | 07! = 4 = o™

= St+d>al =5= byt =al + 1 =at?

(aff, ", a") € e({(5,1,0)} w {6, - o0} x {8} x No) =[B! = 3 = a]*!

Case 2.2.3: t+2=m mod (2t +2) :
—m mod (t+1) =12 g =4+1=5
Ii(;fa’flzagnﬂzél/\a’fl:l/\a’ff’l:?)
=(m—-2—-t—1) mod (2t+2)=t+2—-2—t—1 mod (2t +2)=2t+1¢{0,1} =a™ =0

(af',af,ad) € ¢({(5,1,0)} w {5,--- 00} x {4} x Ng) = [b™1 =4 = o™

= 1 (a™,af", a") = (1,5,4) (again, required for the two following subcases below)
(a™y,a™,aft) = (0,1,5) = | o™ =3 = o™

bg”l = ag”l follows analogously to the Cases 2.2.1.1 and 2.2.1.2.
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Case 2.2.4: t+2 <m mod (2t + 2) :

Works Analogously to 2.2.2. O
Lemma 2. Ym € Ny : ((a]")nez = (b )pnez = bnm:s;n(n) =ap VYneZ|n|=>=2), that is,
after one time step, outside the middle five cells, the state of a cell is equal to the state
of the cell diagonally from it (one step in time, one in space). This basically states that
the generated pulses/waves travel diagonally, just like for GH.

Proof. Wlog assume n > 2 :
Case 1: at =1:

Then Vj € {1,---,2¢t —1} :  ap’; = 0. (that is, the next 2¢ — 1 cells to the right
are at rest)

Suppose not:
Then m — (n + j) mod (2t 4+ 2) € {0, 1}

Case m — (n+j) mod (2t +2) =0:
2t+2>5>0
=

=m-—n—j=m—n( mod (2t + 2)) contradiction

Case m — (n+j) mod (2t +2) =1:
2t+1>5>0
=0=m—-n=m-n—j+j=j+1 mod (2t + 2) 12979 contradiction

It can also be easily seen from the above second case that if j = 2¢, that o/ . € {0,2}

n+j
Then (a?aaﬁpaﬁz) € C((l,0,0), (1’0’ 2)) = b?:ll =1= a“;Ln

Case a)! = 2:
Then m —n mod (2t +2) =1
=m—(n+1) mod (2t+2) =0

m m+l _ o _ m
:>an+1_1:>bn+1_2_an

Case a' =0

Let [ € N such that [ > 2,a]"}; = 1. Thena;” = 2: (that is, a 2 must be to the left of a 1)
Proof: 0=m — (I +1)( mod (2t +2)) = 1=m —1I( mod (2t +2)) = a]" =2

Assume b?jll =2:

= apyq = 1 = ay' = 2 = contradiction

Assume bell =1:

= (anm’ a?—&-lv anm+2> € {(L Oa 0)7 (07 07 1)7 (17 07 2)7 (2> 0, 1)}
apt=0

mo mo -
= ap',=1=a;"; =2= contradiction)

m+1 _m
=0 =0=a, ]
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Theorem 1. (a]")nez = (0" )nez  Ym € N, that is, (a]') is the explicit solution of (b)").

Proof. Induction over m:
m = 0: Follows directly from their definitions.

Induction Step: Assume a;' = b)' Vn e Z:

Case 1: |n| < 1: (middle column)

m+1 _ bm+1
n

Lemma 1 = |a,

Case 2: |n| > 2: (outside, which should evolve as GH)
m+1 _ ,m+1 Def Lemma 2 bm+1 \n|>2 bm+1

an, - an—sgn(n)+sgn(n) - an—sgn(n) - n—sgn(n)+sgn(n—sgn(n)) n—sgn(n)+sgn(n)
pm+1
n
m+1 _ pm+1
= |0n B bn

Case 3: n € {—2,2}: (the two columns which have both the middle column and the
outside as neighbours, and must thus be dealt with separately)
Wlogn =2:
Case 3.1: a5 =0:
ef |1 <m—2 mod (2t +2) <2t +2
m+1 c {0 1}

Case 3 1.1: amJrl 0

22 mod (2t+2) < 2t+1=m#1 mod (2t+2) = a" £ 1= | b =0 = a7+

Case 3.1.2: a’Q”Jrl =1:

20 = m -1 mod (2t+2) = 1 = m mod (2t +2) = (a1,a2,a3) = (1,0,0) =

m+1 __ m+1
b? =1= )

Case 3.2: af' =1:
Def{o—(m—Q) mod (2t +2) = 1= (m—1) mod (2t +2) = al*™ =2
=

af' =3 = (af', 0, a') = (3,1,0) = by’*" = 2

1 1
=|ay T = bt

Case 3.3:a3y' = 2:

D:ef{u( —2)(2t+2)=2=(m+1)—2 mod (2t +2) = al"* =0
0

(12 _2:bm+1:

= agl+1 _ bgl-‘rl

This concludes the induction step. O
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